β be given complex numbers. Describe geometrically the set A of all numbers λ which may occur as eigenvalues of A + B, where A
and B run over all normal nxn matrices with eigenvalues O C i, , CX n and β ί9 *, β n respectively.
To state the results concisely let us denote by the terms circular region and hyperbolic region every set of complex numbers ζ + iη which may be described, using some real constants α, b f c 9 d 9 by (1 
Proof, (a) Let (GΛ, Then there are normal matrices A, B with spectra
for some normalized vector y. Putting we conclude from the necessity part of the theorem quoted above that M{y,z)
is a common point of C and C". hence ζ is an eigenvalue of A + B (with γ as a corresponding eigenvector).
We transform the "three-dimensional" Lemma 1 into a "two-dimensional" form.
LEMMA 2. Let ζ be a complex number. Then ζ<£A if, and only if, there
exists a circle or a straight line separating CX 1? ,
Proof. From Lemma 1 we know that ζ£ A if, and only if, there exists a plane separating C from C', that is, separating
Piζ-βJ,..., P(ζ-β n ).
This means that ζ£A if, and only if, there are real constants a 9 b 9 c 9 d such
This proves Lemma 2. We turn to the proof of Theorem 1.
(a) Let ζ G Λ, and let Γ be any circular region containing /3 1?
β n
We have to show that £E{α v ϊ + Γ. Now ζ-Γ is a circular region containing by a translation applied simultaneously to the ζ + iη and to ζ, we may assume without loss of generality that ζ-0.
From (2) ..,n).
This condition is equivalent to the existence of real numbers, α, b 9 c such that
n).
This inequality is equivalent to the existence of a hyperbolic region containing all points ζ + i η v , but not 0. As an example we construct the range A of the eigenvalues of X 4-iY where X and y are hermitian matrices whose eigenvalues are 0, 1,4,8 and 0,2,3 (with arbitrary positive multiplicities).
